
8.4 – Matrices for General Linear Transformations

Recall this example from section 1.8

Find the standard matrix A for the linear transformation 𝜔 ω 𝜀2 ⋛ 𝜀3 for which
𝜔 ⌋⌈ε12 ⌉{ = }⦃⦃⦃⦄

210
⟨⟩⟩⟩⟪ and 𝜔 ⌋⌈ 3ε5⌉{ = }⦃⦃⦃⦄

5ε71
⟨⟩⟩⟩⟪ and use it to compute 𝜔 ⌋⌈ε43 ⌉{.

And #3 from 4.7

Consider the bases 𝜗 = {𝛚1, 𝛚2, 𝛚3} and 𝜗ϑ = ⟫𝛚ϑ1, 𝛚ϑ2, 𝛚ϑ3❲ for 𝜀3, where
𝛚1 = }⦃⦃⦃⦄

211
⟨⟩⟩⟩⟪, 𝛚2 =

}⦃⦃⦃⦄
2ε11
⟨⟩⟩⟩⟪, 𝛚3 =

}⦃⦃⦃⦄
121
⟨⟩⟩⟩⟪ and 𝛚ϑ1 =

}⦃⦃⦃⦄
31ε5
⟨⟩⟩⟩⟪, 𝛚ϑ2 =

}⦃⦃⦃⦄
11ε3
⟨⟩⟩⟩⟪, 𝛚ϑ3 =

}⦃⦃⦃⦄
ε102

⟨⟩⟩⟩⟪
a. Find the transition matrix 𝜗 to 𝜗ϑ.
b. Compute the coordinate vector [𝛆]𝜗, where 𝛆 = }⦃⦃⦃⦄

ε58ε5
⟨⟩⟩⟩⟪ and use the transition

matrix in part (a) to compute [𝛆]𝜗ϑ.
Now we combine these two concepts.

#5 Let 𝜔 ω 𝜀2 ⋛ 𝜀3 be de!ned by 𝜔 ⌋⌈𝜛1𝜛2⌉{ = }⦃⦃⦃⦄
𝜛1 + 2𝜛2ε𝜛10

⟨⟩⟩⟩⟪.
a. Find the matrix [𝜔 ]𝜗ϑ,𝜗 relative to the bases 𝜗 = {𝛚1, 𝛚2} and 𝜗 = {𝛝1, 𝛝2, 𝛝3},
where

𝛚1 = ⌈13⌉, 𝛚2 = ⌈ε24 ⌉, 𝛝1 = }⦃⦃⦃⦄
111
⟨⟩⟩⟩⟪, 𝛝2 =

}⦃⦃⦃⦄
220
⟨⟩⟩⟩⟪, 𝛝3 =

}⦃⦃⦃⦄
300
⟨⟩⟩⟩⟪

Duesud

formula

C l
We find T B using an augmentedmatrix
thas new basis vectors as columns on



the left and images of old basis rectors
as columns on the right
a we can find T B as follows

First find T it and a

Tui s

Tin
2 24

Row reducing thisgives
us representations

of Ii and it in terms of B vectors

that is we'll have Iii and T u

1 it
TIB B TCI B IDB 19139130

This is the matrix for the transformation



b. Verify that the formula [𝜔 ]𝜗ϑ,𝜗 [𝛡]𝜗 = [𝜔 (𝛡)]𝜗ϑ holds for every vector in 𝜀2.

It acts on coordinate vectors relative
_i

LHS Find x ̅ for an arbitrary vector in R
c hitCain

Co

Multiply f c
RHS Find TED for x ̅

a

Tame



For a specific example suppose we want
use LT B B to find T where

step 1 Express x ̅ 11 3 in terms of B

s 4 s 1915 so

11,3 51 3

Step 2 multiply I 53 2 33 11



Let 𝜚 be an 𝜍-dimensional vector space with basis 𝜗 = {𝛚1, 𝛚2,… , 𝛚𝜍} and let𝜑
be an 𝛻-dimensional vector space with basis 𝜗ϑ. Suppose that 𝜔 ω 𝜚 ⋛ 𝜑 is a

linear transformation, and that for each vector 𝛡 in 𝜚 , the coordinate vectors for𝛡 and 𝜔 (𝛡) are [𝛡]𝜗 and [𝜔 (𝛡)]𝜗ϑ, respectively. Then thematrix for 𝛠 relative

to the bases 𝛓 and 𝛓ϑ is written [by this author] as[𝜔 ]𝜗ϑ, 𝜗 = ❳[𝜔 (𝛚1)]𝜗ϑ //[𝜔 (𝛚2)]𝜗ϑ//…//[𝜔 (𝛚𝜍)]𝜗ϑ\.
This matrix has the property that [𝜔 ]𝜗ϑ,𝜗 [𝛡]𝜗 = [𝜔 (𝛡)]𝜗ϑ.

Step 3 Use the new coord vector w B
Oi I 253 58

T x ̅
Recap 11 3 5 3 0 5 17 11,0

x ̅ reduce x ̅ multiply ID Momb T x ̅
Éheck s

1

1
We can visualize the process as follows

x ̅ 5
β

TED Is

T 15
2

x ̅ s FTE



#8Let𝜔 ω 𝜀2 ⋛ 𝜀3 be the linear transformation de!ned by𝜔 (𝜗(𝜛)) = 𝜛𝜗(𝜛ε3),
that is, 𝜔 ⌋𝜚0 + 𝜚1𝜛 + 𝜚2𝜛2⌈ = 𝜛 ⌋𝜚0 + 𝜚1(𝜛 ε 3) + 𝜚2(𝜛 ε 3)2⌈
a. Find [𝜔 ]𝜍ϑ,𝜍 relative to the bases 𝜍 = ⌉1, 𝜛 , 𝜛2{ and 𝜍ϑ = ⌉1, 𝜛 , 𝜛2, 𝜛3{.
b. Use the three-step procedure illustrated inExample 2 to compute𝜔 ⌋1 + 𝜛 ε 𝜛2⌈.
c. Check the result obtained in part (b) by computing 𝜔 ⌋1 + 𝜛 ε 𝜛2⌈ directly.

In the special case where 𝜔 ω 𝜑 ⋛ 𝜑 is a linear operator with𝜍 = 𝜍ϑ = {𝛚1, 𝛚2,… , 𝛚𝛻} , the matrix for 𝜔 is called thematrix for 𝛆 relative to

thebasis𝛝 and iswritten [by this author] as [𝜔 ]𝜍 = }[𝜔 (𝛚1)]𝜍 ⦃⦃[𝜔 (𝛚2)]𝜍⦃⦃…⦃⦃[𝜔 (𝛚𝛻)]𝜍⦄.

a Gettors infthers p 1 Pa X P

T pi x T P2 x 3x

Tps 3 6 2 94

1 3 3 18
910

b 1 THY XH

c HX x2 x 1 1 3 x 3 4 3 76 9

11 7 2 3



#18 Let 𝜕 ω ℵ2 ⋛ ℵ2 be the di"erentiation operator 𝜕 (𝛗) = ℶϑ(𝜛).
a. Find the matrix for 𝜕 relative to the basis 𝜗 = {𝛗1, 𝛗2, 𝛗3} for ℵ2 in which𝛗1 = 2, 𝛗2 = 2 ε 3𝜛 , 𝛗3 = 2 ε 3𝜛 + 8𝜛2.
b. Use the matrix in part (a) to compute 𝜕 (6 ε 6𝜛 + 24𝜛2).
a Alias if vectors DCI 2 0

D P2 2 3 1 3 D P3 2 3 8 2 3 6

1
88 iepI

b 3 is

DIED

D p 13 2 16 2 3x 0 2 3 8 2

64816



Theorem 8.4.1 If 𝜔1 ω 𝜀 ⋛ 𝜗 and 𝜔2 ω 𝜗 ⋛ 𝜛 are linear transformations,

and if 𝜚, 𝜚εε, and 𝜚ε are bases for 𝜀 , 𝜗 , and𝜛 , respectively, then[𝜔2 ⋜ 𝜔1]𝜚ε, 𝜚 = [𝜔2]𝜚ε, 𝜚εε [𝜔1]𝜚εε , 𝜚.
#12 Let 𝜔1 ω 𝜍1 ⋛ 𝜍2 be the linear transformation de!ned by 𝜔1 (𝜑(𝛻)) = 𝛻𝜑(𝛻)
and let 𝜔2 ω 𝜍2 ⋛ 𝜍2 be the linear operator de!ned by 𝜔2 (𝜑(𝛻)) = 𝜑(2𝛻 + 1).
Let 𝜚 = {1, 𝛻} and 𝜚ε = ⌋1, 𝛻 , 𝛻2⌈ be the standard bases for 𝜍1 and 𝜍2.
a. Find [𝜔2 ⋜ 𝜔1]𝜚ε,𝜚, [𝜔2]𝜚ε, and [𝜔1]𝜚ε,𝜚.
b. State a formula relating the matrices in part (a).

c. Verify that the matrices in part (a) satisfy the formula you stated in part (b).

a For Tz B findwhat T does to
vectors in B no row reduction is necessary
because B and B are standard bases
T2 1 1 Tz x 2 1 Tz x2 4 74 4

8 T1
b 20T a TB B 4

c Tz T dota x Tz aoxt9 x2
A 2 1 9 2 1



Theorem 8.4.2

If 𝜔 ω 𝜚 ⋛ 𝜚 is a linear operator, and if 𝜗 is a basis for 𝜚 , then 𝜔 is one-

to-one if and only if [𝜔 ]𝜗 is invertible. Moreover, when these conditions hold,❳𝜔 ε1\𝜗 = [𝜔 ]ε1𝜗 .

Eaoxt Go 49 x 49 a

A 9 290 49 49


